ABSTRACT: We consider the Bak-Tang-Wiesenfeld sandpile model on a two-dimensional square lattice. The avalanche cluster distributions are measured on very large system sizes (L 4096). We introduce a new method for analyzing the data which reduces the nitesize e ects of the measurements. A detailed analysis of the determination of the exponents characterizing the size, area and duration of the avalanches will be given. Scaling relations con rm our obtained values. The exponents of the avalanche distributions di er slightly from previous estimates and measurements.
Introduction
Bak, Tang and Wiesenfeld (Bak et al. 1987) introduced the concept of self-organized criticality (SOC) and realized it with the so-called 'sandpile model'. The dynamics of the system is characterized by the probability distributions for the occurrence of relaxation clusters of size s (number of relaxation events), area s d and duration t. In the critical steady state these probability distributions have power-law behavior according to P (s) s ? s , P (s d ) s d ? d and P (t) t ? d , respectively. Using the concept of`Abelian Sandpile Model' (Dhar 1990) it is possible to calculate the static properties of the model exactly e. g. the height probabilities, height correlations, number of steady state con gurations, etc (Dhar 1990 , Majumdar et al. 1991 , Priezzhev 1994 , Ivashkevich 1994 . However the dynamical properties of the model, i. e. the exponents of the probability distributions, are not known exactly. We investigated the original Bak, Tang and Wiesenfeld model on large lattice sizes (L 4096) and measured the probability distributions. It is known from earlier numerical investigations that the obtained values of the exponents are a ected by the nite size of the system. These nite size e ects have to be taken into account in order to get the 'real' exponents. This can be done by extrapolation (L ! 1) from data obtained for di erent L (Manna 1990) . We could improve this method and are now able to measure the exponents of the in nite system directly thus avoiding any extrapolation. In this way the accuracy of the obtained exponents is increased signi cantly. A comparison of our results with earlier numerical results (Manna 1990) and those obtained from a renormalization group approach (Pietronero et al. 1994 , Ivashkevich 1996 will be given.
Model and Simulations
We consider the two-dimensional BTW model on a square lattice of size L L in which integer variables h i;j 0 represent local heights. One perturbes the system by adding particles at a randomly chosen site h i;j according to h i;j 7 ! h i;j + 1 ; with random (i; j):
(1) A site is called unstable if the corresponding height h i;j exceeds a critical value h c , i.e. if h i;j h c . Without loss of generality, we take h c = 4 throughout this work. An unstable site relaxes, its value is decreased by four and the neighboring sites are increased by one unit, i.e. where the update is done in parallel. We assume open boundary conditions with heights at the boundary xed to zero. System sizes from L = 64 to L = 4096 are investigated. Starting with a lattice of randomly distributed heights h 2 f0; 1; 2; 3g the system is perturbed according to Eq. (1) and 'burning algorithm' is applied in order to check if the system has reached the critical steady state (Dhar 1990 ). Then we start the actual measurements. All measurements are averaged over at least 10 6 non-zero avalanches except of the case L = 4096 where only 2 10 5 measurements have been performed. We studied three di erent properties characterizing an avalanche. In the following we use the same notation as Majumdar et al. (1992) . The total number of toppling events is called the size s of an avalanche. The number of distinct toppled lattice sites is denoted by s d . Because a particular lattice site may topple several times the number of toppling events exceeds the number of distinct toppled lattice sites, i.e. s s d . The duration t of an avalanche is equal to the number of update sweeps needed until all sites are stable again. In the critical steady state the corresponding probability distributions should obey power-law behavior characterized by exponents s , d and t according to 3. Results L=64, 128, 256, 512, 1024, 2048, 4096 Figure 1: The probability distribution P (s) for di erent system sizes. The curves for L < 4096 are shifted in the downward direction. A power-law t to the straight portion of these curves yields the exponents s (L). According to Manna (1990) the nite-size corrections should be given by
Fig. 2 shows a plot of the exponents vs. 1= ln L and it is seen that for L 256 the exponents obey the supposed nite-size behavior. The extrapolation to L ! 1 yields the values of the exponent s;1 = 1:247. The probability distributions P (s d ) and P (t) are analyzed in the same way with the result d;1 = 1:258 and t;1 = 1:405, respectively. All exponents are slightly larger than those obtained from earlier simulations on smaller system sizes (Manna 1990) . However, these values of the exponents are not very accurate. Namely, a crucial point in this analysis is the extension of the t region in each distribution P (s; L). Changing it slightly di erent exponents are obtained. Thus the uncertainty in the determination of the exponents (L) is at least of the order 0:01. But taking the propagation of these errors into account we can estimate the uncertainty in the determination of the extrapolated value 1 of the order 0:06 which is mainly due to the large distance of the measured values from the vertical axis (see Fig. 2 ). Thus it is in principle not possible to obtain the exponents of the BTW model with high accuracy by a simple extrapolation of the exponents via Eq. (7). Table 1 .
In the following we present a method based on the assumption of Manna (Eq. 7) which allows us to measure the exponent 1 directly without any extrapolation to L ! 1. Consider two probability distributions P (s; L 1 ) and P (s; L 2 ) corresponding to di erent system sizes with L 1 > L 2 . If Eq. (7) describes the nite-size behavior of the exponents s correctly the probability distribution (Eq. 4) for a given system size L behaves as 
In Fig. 3 H(s; L 1 ; L 2 ) is plotted for various system sizes L 1 and L 2 . A nice property of this function is that in contrast to the probability distribution the cut o of the power-law at large values of s is now very sharp. We applied this analysis to all three distributions and the resulting exponents are listed in 
Unfortunately Ben-Hur et al. (1996) made no accurate nite-size scaling analysis because they claimed that the values of the exponent sd 'seem to be almost independent of the system size' L. This is in contradiction to our own measurements which yield a signi cant dependence of the exponent sd on the system size. In Fig. 4 we plotted s ?1:06
Without nite-size e ects this quantity should be constant, i.e. independ of the value of s d and the system size L. Instead, the curves display a nite curvature. Therefore, a direct determination of sd via a regression of Eq. (10) averages the exponent over the middle region which is not constant. Thus the resulting exponent depends on the t region used and on the system size L.
To improve the analysis we performed a nite-size scaling analysis based on the equation The values we obtained are not in agreement with this relation.
Conclusions
We studied numerically the dynamical properties of the BTW model on a two-dimensional square lattice and measured for large system sizes (L 4096) the avalanche probability distributions. We introduced a new analysis to minimize the nite-size e ects and determined the avalanche exponents with an improved accuracy. Our estimates of the exponents are s = 1:293, t = 1:480 and d = 1:33. Recently, Ivashkevich (1996) improved the renormalization group approach for sandpile models proposed by Pietronero et al. (1994) . Their calculation yields the exponent d 1:25 with is smaller than our numerical estimate.
